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Abstract
The Eddington-inspired Born-Infeld (EiBI) gravity is a modification of the theory of general
relativity inspired by the nonlinear Born-Infeld electrodynamics. The theory is described by a
series of higher curvature terms added to the Einstein-Hilbert action with the parameter κ. The
EiBI gravity has several interesting exact neutral and charged black hole solutions. We study the
problem of overcharging extremal black hole solutions of EiBI gravity using a charged test particle
to create naked singularity. We show that unlike general relativity, the overcharging could be
possible for a charged extremal black hole in EiBI gravity as long as the matter sector is described
by usual Maxwell’s electrodynamics. Once the matter sector is also modified in accordance to
the Born-Infeld prescription with the parameter b, the overcharging is not possible as long as the
parameters obey the condition 4κb2 ≤ 1.
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I. INTRODUCTION
General relativity (GR) is extremely successful as a classical theory of gravity and over
the years, it has been under scrutiny in vacuum or in the weak-field regime through several
precision tests and no significant deviation from GR has been found [1]. Still there exist
many unsolved puzzles in GR such as the problem of singularities, understanding the dark
matter and dark energy, etc. In order to address some of these problems, many researchers
actively pursue modified gravity theories in the classical domain which deviate from GR
inside matter distributions, or in the strong-field regime. One such modification is inspired
by the well-known Born-Infeld electrodynamics [2] where, even at the classical level, it is
possible to avoid the infinity in the electric field at the location of a point charge. Deser
and Gibbons [3] first suggested a gravity theory in the metric formalism consisting a similar
structure
√−|gµν + κRµν | as in the action of Born-Infeld electrodynamics. In fact, the
form of the gravitational action is not a new concept but existed earlier in Eddington’s re-
formulation of GR in de Sitter spacetime [4]. This is essentially an affine formalism where
the affine connection is the basic variable instead of the metric, but the coupling of matter
to this new formulation of gravity remained a problem.
Later, the Palatini (metric-affine) formulation in Born-Infeld gravity was introduced by
Vollick [5]. He worked on various related aspects and also introduced a nontrivial and
somewhat artificial way of coupling matter in such a theory [6, 7]. More recently, Banados
and Ferreira [8] have come up with a formulation, popularly known as the Eddington-inspired
Born-Infeld (EiBI) gravity, where the matter coupling is different and simpler compared to
Vollick’s original proposal. For a recent review on Born-Infeld gravity, see [9] and for its
cosmological, astrophysical, and other applications see [10–47] and the references therein.
Some work also have been done on black hole physics, or, broadly on the spherically
symmetric, static solutions in this theory. It may be noted that the vacuum, spherically
symmetric static solution in this theory is trivially same as the Schwarzschild de Sitter black
hole. But, the electrovacuum solutions are expected to deviate from the usual Reissner-
Nordstro¨m solution in GR. This has been shown in [8, 18, 26] where the authors consider
EiBI gravity coupled to a Maxwell electric field of a localized charge. They obtain the result-
ing spacetime geometries, and study its properties. The basic features of such spacetimes
includes a singularity at the location of the charge which may or may not be covered by
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an event horizon. The strength of the electric field remains nonsingular as in Born-Infeld
electrodynamics. However, this may not be the only solution because, in EiBI gravity, the
matter coupling is nonlinear. In a different framework [27], it was shown that the central sin-
gularity could be replaced by a wormhole supported by the electric field. In [24], the author
obtained a class of Lorentzian regular wormhole spacetimes supported by the quintessential
matter which does not violate the weak or null energy condition in EiBI gravity. The gener-
alisation of this result in the context of arbitrary nonlinear electrodynamics and anisotropic
fluids was obtained in [47]. Some new classes of spherically symmetric static spacetimes
were obtained where EiBI gravity is coupled with Born-Infeld electrodynamics [20]. They
include black holes and naked singularities. Earlier, a lot of work had indeed been done by
considering nonlinear electrodynamics coupled to GR [48–55]. Some of them were motivated
by string theory since Born-Infeld structures naturally arise in the low energy limit of open
string theory [56, 57].
An essential question in general relativity is to understand the global properties of the
field equation, in particular, the issue of cosmic censorship. There are various versions of
cosmic censorship conjecture. One of the version prohibits evolution of a generic, sufficiently
regular initial data into a solution with a naked singularity. The full analysis of this prob-
lem is complicated given the complicated nature of the Einstein’s field equations. A more
straightforward exercise could be to look for specific counterexamples, where one starts with
a black hole solution with a horizon and try to create a naked singularity using a physi-
cal process. For example, Wald [58] considered the problem of overcharging an extremal
Reissner-Nordstro¨m (R-N) black hole solution using a charged test particle. Interestingly,
the dynamics of the particle does not allow such overcharging to happen. In [59], the prob-
lem was studied for a near extremal R-N black hole. It was shown that overcharging is
possible if the back-reaction effects are ignored. Similar consideration was obtained from
the study of the rotating black hole in [60] and also for massless charged particles [61]. The
back reaction problem was analyzed in detail in [62] and it was shown that the overcharging
would not occur once the back-reaction effects are considered. In the context of general
relativity, a general proof of the impossibility of overcharging an extremal or near-extremal
black hole solution was provided in [63] generalizing a result in [64]. Related works had also
been done for the black holes in higher dimensional gravity [65–68].
In this work, we study the same overcharging problem in the context of EiBI gravity.
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We analyze the dynamics of charged test particles in the background of extremal black
hole solutions in the EiBI gravity and show that the overcharging could be possible when
the matter sector is described by usual Maxwell’s electrodynamics. Interestingly, once we
consider the modification of the matter sector by the Born-Infeld prescription, we find that
there is no possibility of overcharging (provided a condition on the Born-Infeld parameters
is satisfied). Our result indicates that the Born-Infeld modification of gravity along with
matter sector is as consistent as general relativity.
II. OVERCHARGING A BLACK HOLE BY THROWINGA MASSIVE CHARGED
PARTICLE
We consider the motion of a test particle of charge q, mass m, and four-velocity uµ, in a
fixed background spacetime (spherically symmetric and static) given by
ds2 = gtt(r)dt
2 + grr(r)dr
2 + r2(dθ2 + sin2 θdφ2), (1)
where gtt(r) and grr(r) are characterized by the black hole parameters: charge Q, mass M,
and the Born-Infeld parameters κ and b2 (to be introduced later). The motion of the test
particle can be obtained from the following Lagrangian,
L =
1
2
muµuµ + qu
µAµ, (2)
where Aµ(xν) is the electromagnetic vector potential of the black hole. For radial motion of
the charged particle, uµ = {t˙, r˙, 0, 0}, t˙ = dt
dλ
, r˙ = dr
dλ
, λ being the affine parameter along the
world line. Then, from Eqs. (1) and (2) we get
∂L
∂t˙
= mgttt˙+ qAt = −E, (3)
where E is a constant of motion along the particle’s worldline. Then, for the timelike
trajectories, i.e. uµuµ = −1,
r˙2 = −(E + qAt)
2
m2gttgrr
− 1
grr
(4)
For the Reissner-Nordstro¨m (R-N) black hole solution At = −Q/r. However, At is modified
in the presence of the Born-Infeld structures in gravity and matter sectors. Since r˙ = 0
corresponds to a turning point, for “in fall” of the particle
r˙2 > 0, for all r ≥ r+, (5)
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where r+ is the event horizon corresponding to the initial configuration of the black hole.
When the particle falls past the radial coordinate r+, the final configuration of the black
hole consisting of total charge (Q + q) and mass (M + E) must exceeds extremality in
order to destroy the black hole. In case of the R-N black hole solution, this implies that,
Q+ q > M + E.
In [58], it is established that these two conditions are mutually exclusive and can not be
satisfied together. As a result, it is impossible to overcharge an extremal charged black hole
in GR to create a naked singularity.
In Born-Infeld theories, the charged black hole solution is modified and the condition of
overcharging becomes,
M + E < Q+ q (6)
where Q¯ ≡ Q¯(Q, κ, b2) is an “effective charge” and is a function of the actual black hole
charge Q and the BI parameters κ and b2. Thus in equation (6), Q+ q = Q¯(Q + q, κ, b2).
For the initial extremal black hole, we have Q¯(Q, κ, b2) = M . In the R-N limit, i.e. κ → 0
and b2 →∞, Q¯(Q) = Q and Q¯(Q+ q) = Q+ q. We assume the “back reaction” effects are
negligible. Therefore to overcharge a black hole, the two conditions given by Eqs. (5) and
(6) must be satisfied.
III. THE EDDINGTON-INSPIRED BORN-INFELD (EIBI) GRAVITY
First we briefly recall the details of EiBI gravity. The action for the theory developed in
Ref. [8] is given as
SEiBI(gµν ,Γ,Ψ) =
c3
8πGκ
∫
d4x
[√
−|gµν + κRµν(Γ)| − λ
√
−|gµν |
]
+ SM(gµν ,Ψ) (7)
where SM(gµν ,Ψ) is the matter part of the full gravitational action, Ψ generically denotes any
matter field, and κ is the constant parameter of the theory having dimension of [Length]2.
Rµν is assumed to be the symmetric part of the Ricci tensor constructed from the connection
Γ. In Einstein’s limit, i.e. for κRµν << gµν , the action reduces to the Einstein-Hilbert
action, provided the dimensionless parameter λ corresponds to the cosmological constant
Λ as λ ≡ κΛ + 1. The theory is based on the Palatini formulation, and therefore, the
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metric (gµν) and the connection (Γ
ρ
µν) are treated as independent variables in the action.
By varying (7) with respect to Γαµν , one obtains
∇Γα(
√−qqµν) = 0, (8)
where qµν ≡ gµν + κRµν(Γ), (9)
q = det(qµν) = |gµν + κRµν |, and ∇Γ denotes the covariant derivative w.r.t. the connection
Γ. Equation (8) shows that Γ is compatible w.r.t. the metric qµν , and hence, we can compute
Γ using the equation
Γµαβ =
1
2
qµσ (qσα,β + qσβ,α − qαβ,σ) . (10)
qµν is the inverse q-metric such that qµαqµβ = δ
α
β . The matter field is minimally cou-
pled only to gµν , i.e. the matter part of the full gravitational action (SM(gµν ,Ψ) =
1
c
∫ √−gLM(gµν ,Ψ)d4x) only depends on the metric gµν and on the matter field Ψ, but
not on the connection Γ. Therefore, the metric gµν is the physical metric, whereas the
metric qµν is called as the auxiliary metric. Thus, the connection (Γ) is different from the
Levi-Civita connection ({}µαβ = 12gµσ (gσα,β + gσβ,α − gαβ,σ)).
Variation of the action (7) with respect to gµν gives
√−qqµν = λ√−ggµν − 8πGκ
c4
√−g T µν , (11)
where g = det(gµν) = |gµν | and T µν = 2√−g ∂(
√−gLM )
∂gµν
are components of the stress-energy
tensor in the coordinate frame. The stress-energy tensor is conserved (∇µT µν = 0) w.r.t.
the physical metric gµν . The index of Tµν and Rµν(Γ) are to be raised/lowered by gµν and
qµν respectively. Note that Eq. (11) is just an algebraic equation relating the physical metric
to the auxiliary metric through the stress-energy tensor. Equation (8) (along with Eq. (10))
gives a set of differential equations which are to be solved simultaneously with Eq. (11) to
get the full solutions. Therefore, Eqs. (9)-(11) constitute the gravitational field equations in
EiBI theory.
The structure of EiBI theory implies that the physical metric (gµν) governs the dynamics
of test particles. In more precise words, a freely falling test particle follows the geodesics of
the physical spacetime. Therefore, invariant scalar quantities associated with the physical
spacetime metric such as R(gµν), R
2
αβ(gµν) etc. are relevant. On the other hand, the auxiliary
metric (qµν) is introduced in the field equations for mathematical convenience. It does not
couple to matter fields but plays an indirect role through its presence in the field equations.
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IV. BLACK HOLES SUPPORTED BY THE MAXWELL’S ELECTRIC FIELD
AND THE OVERCHARGING PROBLEM
For the Maxwell’s electromagnetic field theory in the curved spacetime, the Lagrangian
density is L = − 1
16pi
√−gFµνF µν , where Fµν = ∂µAν − ∂νAµ is the electromagnetic
field tensor. The corresponding stress-energy tensor is given by Tµν = − 2√−g ∂L∂gµν =
1
4pi
(
FµσFν
σ − 1
4
gµνFαβF
αβ
)
. For an electrostatic scenario, the four-potential is Aµ =
{At(r), 0, 0, 0}.
A. General relativity
In GR, i.e. for the Reissner-Nordstro¨m spacetimes, gtt = −1/grr = −
(
1− 2M
r
+ Q
2
r2
)
,
At = −Q/r. The event horizon (r+) and the Cauchy horizon (r−) are given by r± =
M ±
√
M2 −Q2. The extremality corresponds to r+ = r− = Q = M . One can also note
that, for extremality, gtt(re) = g
′
tt(re) = 0, where the extremal horizon radius re = r+ = r−.
Then, from Eqs. (4) and (5), we get that E > q for the test particle falling past the horizon
of the extremal black hole. On the other hand, to exceed the extremality condition of the
final black hole, we need E < q. So, there is no window of choosing a suitable E. Thus, the
overcharging is not possible for the Reissner-Nordstro¨m extremal black hole by throwing a
massive charged particle. This is the result obtained in [58].
B. EiBI gravity
In EiBI gravity, the resulting black hole spacetime is given by [8, 18, 20, 24, 26, 47]
gtt = −ψ2(r)f(r) and grr = 1/f(r), where
ψ =
[
1 +
κQ2
r4
]−1/2
, (12)
f(r) =
(
1 + κQ
2
r4
1− κQ2
r4
)
1− 2M
r
√
1 + κQ
2
r4
− Q
2
3r2
+
4Q2
3r2
√
1 + κQ
2
r4
2F1
(
1
2
,
1
4
;
5
4
;−κQ
2
r4
) .(13)
By solving the equation of motion for the electric scalar potential At, or alternatively from
the conservation of the stress-energy tensor (i.e. ∇µT µν = 0) we get
At =
∫
Qdr
r2
√
1 + κQ
2
r4
= −Q
r
2F1
(
1
2
,
1
4
;
5
4
;−κQ
2
r4
)
. (14)
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Note that the spacetime is singular at r0 = (κQ
2)1/4 ((|κ|Q2)1/4 for κ < 0) unlike in the
case of R-N black hole where we get a point singularity at r0 = 0 and the charge Q is now
distributed over a 2-sphere of area radius r0, instead of being a ‘point charge’. The horizon
radius (re) of the extremal black hole is obtained from f(re) = f
′(re) = 0 using Eq. (13).
This leads to
re = Q, (15)
and M =
Q
3
[√
1 +
κ
Q2
+ 2 2F1
(
1
2
,
1
4
;
5
4
;− κ
Q2
)]
= Q¯(Q, κ). (16)
Thus, for extremal black holes, we have M = Q¯ where Q¯ is an “effective charge” and is
function of the actual charge Q and BI parameter κ. Note that for κ = 0 (i.e. the GR limit)
in the last equation, M = Q. However, for κ 6= 0, the mass to charge ratio (M/Q) differs
from 1 (see Fig. 1). Also note that, for r0 ≥ Q i.e. |κ| ≥ Q2, horizon lies below r0 and we
do not have an extremal black hole at all. Thus we assume |κ| < Q2 in our study. Here,
for Q¯ > M , we have naked singularities similar to the case in GR for Q > M . We verify
this by a graphical analysis shown in Fig. 2 as it is difficult to verify analytically due to the
complexity of functional form of f(r) (Eq. 13).
-1.0 -0.5 0.0 0.5 1.0
0.90
0.95
1.00
1.05
1.10
κ/Q2
M
/Q
M=Q
-
FIG. 1. Plot of the mass to charge ratio (M/Q) of the extremal EiBI-Maxwell black holes (i.e. for
M = Q¯) as the function of κ/Q2 using Eq. (16). We use the restriction |κ/Q2| < 1 in the plot.
Using Eqs. (12), (13), (14) in Eq. (4), we get
r˙2 =
1
m2ψ2(r)
[
E − qQ
r
2F1
(
1
2
,
1
4
;
5
4
;−κQ
2
r4
)]2
− f(r). (17)
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FIG. 2. At the horizon f(r) = 0. For black holes, there must be at least one zero of f(r), and for
naked singularities f(r) > 0. Here we plot f (given by Eq. (13)) as the function of r/Q. Given a
fixed value of κ/Q2 (κ/Q2 = 0.01, 0.5,−0.01,−0.1 in the plots (a), (b), (c), and (d) respectively)
we plot f(r) for several values of M/Q¯ (M/Q¯ = 0.8, 0.9, 1, 1.1, 1.2) and compare. In each of the
plots (a)-(d), we note that M = Q¯ is the critical condition which distinguishes the black holes from
naked singularities. Clearly, we have black holes for M ≥ Q¯ and naked singularities for M < Q¯.
Therefore, M = Q¯ (given in Eq. (16)) is the extremal condition of EiBI black holes. This is similar
to the case of GR where we have black holes if M ≥ Q and naked singularities if M < Q.
Then, for crossing the horizon, r˙2 > 0 for all r ≥ re. To satisfy this condition at the horizon
radius, r = re = Q,
E > q · 2F1
(
1
2
,
1
4
;
5
4
;− κ
Q2
)
. (18)
We use Eq. (6) to get the condition for exceeding the extremality of the final black hole
E < Q¯(Q + q, κ)− Q¯(Q, κ), (19)
where we used M = Q¯(Q, κ) for the initial extremal black hole configuration and Q¯(Q, κ) is
given by Eq. (16).
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Both Eqs. (18) and (19) will be simultaneously satisfied, i.e., there will be a window for
a choice of E for overcharging the black hole only when the quantity
∆ = Q¯(Q+ q, κ)− Q¯(Q, κ)− q · 2F1
(
1
2
,
1
4
;
5
4
;− κ
Q2
)
(20)
is positive (∆ > 0). However, in general, showing ∆ > 0 analytically is difficult. For small
κ or for large black hole such that Q2 ≫ |κ|, we obtain
2F1
(
1
2
,
1
4
;
5
4
;− κ
Q2
)
≃ 1− κ
10Q2
(21)
and Q¯(Q, κ) ≃ Q+ κ
10Q
. (22)
Also, noting that the test charge q must be small compared to the black hole charge Q, i.e.
Q≫ q, we obtain
∆ ≃ κq
2
10Q2(Q+ q)
≃ κq
2
10Q3
. (23)
Hence, overcharging of the extremal black hole is always possible for κ > 0. However, for
κ ≤ 0, overcharging is not possible. Also, note that we recover the general relativistic results
in the limit κ→ 0.
To show whether the overcharging is possible for arbitrary κ and Q, we define a dimen-
sionless variable ξ(µ, η), (where µ = κ
Q2
and η = q
Q
), as
ξ =
∆
Q
=
(1 + η)
3
[√
1 +
µ
(1 + η)2
+ 2 2F1
(
1
2
,
1
4
;
5
4
;− µ
(1 + η)2
)]
−1
3
[√
1 + µ+ 2 2F1
(
1
2
,
1
4
;
5
4
;−µ
)]
− η 2F1
(
1
2
,
1
4
;
5
4
;−µ
)
. (24)
If ξ > 0 for some specific values of µ and η, then there will be a window for a choice of E
for overcharging the black hole. In Fig. 3, we plot (3D surface plot) ξ as the function of µ
and η where we use |κ| ≤ Q2 (i.e. |µ| ≤ 1) and q ≤ Q (i.e. η ≤ 1). From the plot, we
note that ξ > 0 for all µ > 0 and η. Thus, for κ > 0, we can choose the energy E of the
test particle with any small charge q (smaller than the black hole charge Q), so that the
inequalities Eqs. (18) and (19) will be satisfied.
For in-falling of the test particle, r˙2 > 0 for all r > re. This implies that (using Eq. (17))
m <
E −
q Q 2F1
(
1
2
, 1
4
; 5
4
;−κQ2
r4
)
r
ψ(r)
√
f(r)
, r ≥ re. (25)
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(a)κ > 0 (b)κ < 0
FIG. 3. Surface plot of ξ(µ, η) for |κ| ≤ Q2 and q ≤ Q. µ and η are dimensionless variables defined
as µ = κ
Q2
and η = qQ . ξ > 0 for all µ > 0 (i.e. κ > 0) and η (i.e. q) where as ξ < 0 for all µ < 0
and η. Thus, overcharging an extremal black hole is possible for all κ > 0 and for small q (smaller
than the black hole charge Q).
R.H.S. of the inequality (25) is monotonically decreasing and reaches the value E asymp-
totically at large r. Therefore, inequality (25) is satisfied for m < E which is true for any
ordinary matter.
Thus, for κ > 0, the overcharging an extremal black hole is always possible by throwing a
test charged particle of small charge q and energy E satisfying the conditions Eqs. (18) and
(19). This is a significant departure from the result obtained in the case of GR, where even
without the back-reaction, it is not possible to create a naked singularity by overcharging
an extremal charged black hole. The test charge required for such a process can never enter
the black hole. But, in EiBI theory, since the dynamics are different, it is possible to find
a situation where overcharging an extremal black hole is possible. If we can create a naked
singularity from an extremal solution using a physical process, it is a counterexample to
the cosmic censorship in the context of EiBI gravity. It seems unlike GR, it is easier to
invalidate cosmic censorship for Born-Infeld modification of the gravity.
Next, we would like to know if this can be avoided, provided we modify the matter section
also using the Born-Infeld prescription. In the next section, we will study the overcharging
problem for Black holes supported by the Born-Infeld electric field.
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V. BLACK HOLES SUPPORTED BY THE BORN-INFELD ELECTRIC FIELD
AND THE OVERCHARGING PROBLEM
A nonlinear theory of electrodynamics was proposed by Born and Infeld in 1934 [2].
In Maxwell’s theory of electrodynamics, singularities appear in the electric and magnetic
fields. As an example, the electric field as well as the self-energy for a point charge diverge
at its location. Born and Infeld, in their theory, introduced a new parameter b which sets
a maximum limit on the value of the electromagnetic (EM) field, similar to the maximum
speed limit in the special theory of relativity. In curved spacetime, the Lagrangian density
for the BI EM field theory is given by [2]
LBI = b
2
√−g
4π
[
1−
√
1 +
F
b2
− G
2
b4
]
, (26)
where F = 1
2
FµνF
µν and G = 1
4
FµνGµν are two scalar quantities constructed from the
components of the EM field tensor (Fµν) and the dual field tensor (Gµν = 12√−gǫµναβFαβ).
For an electrostatic scenario in flat Minkowski spacetime, G = ~E · ~B = 0, and therefore,
the above Lagrangian reduces to LBI = b24pi
[
1−
√
1− | ~E|2/b2
]
, where ~E and ~B are the
electric and magnetic field vectors. Here, it is clear that b sets an upper limit on the electric
field, and consequently the self-energy is also finite for a point charge. Consequently, the
Coulomb’s law in BI theory gets altered as E(r) = Q√
r4+Q2/b2
. Maxwell’s theory is recovered
in the limit b→∞. Note that singularities in the classical EM fields are well resolved in the
Quantum Electrodynamics (QED) theory which is extremely successful. However, at the
time of proposal of BI electrodynamics, there was no full quantum theory of electrodynamics.
BI theory was almost totally forgotten for a long time after QED came. However, recently,
there is a new interest in BI theory due to investigations in string theory [56, 57].
The energy-momentum tensor associated with BI EM fields has the general expression
Tµν = − 2√−g
∂L
∂gµν
= − b
2
4π

gµν
(√
1 +
F
b2
− G
2
b4
− 1
)
− b
2FµσF
σ
ν − G2gµν
b4
√
1 + F
b2
− G2
b4

 , (27)
which is obtained from the Lagrangian (26). Note that BI electrodynamics is a gauge
invariant theory, and therefore, the Lorentz force equations are still valid for the motion of a
test charged particle in the BI EM fields. However, the test particle feels a different strength
of the EM force.
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A. General relativity
In GR, the black hole solution with Born-Infeld electric field due to a point charge is
known as geonic black hole solution [48]. In this scenario, a distant observer associates a
total mass which comprises M (the black hole mass) and a pure electromagnetic mass stored
as the self energy in the electromagnetic field. If M is zero, the spacetime becomes regular
everywhere. The spacetime for such a geonic black hole is given by gtt = −1/grr = −ge(r)
where
ge(r) = 1− 2M
r
− 2Q
2
3
(√
r4 +Q2/b2 + r2
) + 4Q2
3r2
2F1
(
1
4
,
1
2
;
5
4
;− Q
2
b2r4
)
. (28)
By solving the equation of motion for the potential At, or alternatively from the conservation
of the stress-energy tensor given in Eq. (27) (i.e. ∇µT µν = 0), we get
At =
∫
Qdr
r2
√
1 + Q
2
b2r4
= −Q
r
2F1
(
1
2
,
1
4
;
5
4
;− Q
2
b2r4
)
. (29)
Note that the potentials At in Eqs. (14) and (29) look identical provided we define b
2 ≡
1/κ (κ > 0). This may be due to the fact that, as shown in Ref. [69], the EiBI gravity coupled
with Maxwell’s electrodynamics can be mapped to GR coupled with BI electrodynamics.
However, the Einstein equation in the mapped general relativity is that of the auxiliary
metric (qµν), but not of the physical metric (gµν). Therefore, the physical metric in the
two cases (i.e., EiBI gravity coupled to Maxwell electrodynamics and GR coupled to BI
electrodynamics) will be different from one another. Also note that, although the two
electromagnetic potential look identical, the corresponding physical quantities such as the
energy density, pressures which appear in the field equations are different in the two cases.
There is a point singularity at r0 = 0. For the extremal configuration, the horizon
radius re and the relation between the black hole charge Q and mass M become (using
ge(re) = g
′
e(re) = 0)
re = Q
√
1− 1
4b2Q2
, (30)
and M =
Q
3

√1− 1
4b2Q2
+
2√
1− 1
4b2Q2
2F1
(
1
2
,
1
4
;
5
4
;− Q
2
b2r4e
)
= Q¯(Q, b2). (31)
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Note that 4b2Q2 > 1 for the existence of extremal event horizon. The above relations
reduce to the limit of extremal Reissner-Nordstro¨m black hole for b2 →∞ (i.e. the limit of
Maxwell’s electromagnetic field theory). Using Eqs. (28), (29) in Eq. (4), we get
r˙2 =
1
m2
[
E − qQ
r
2F1
(
1
2
,
1
4
;
5
4
;− Q
2
b2r4
)]2
− ge(r). (32)
To satisfy the condition r˙2 > 0 for the existence of the horizon radius, r = re (Eq. (30)),
E >
q√
1− 1
4b2Q2
· 2F1

1
2
,
1
4
;
5
4
;− 1
b2Q2
(
1− 1
4b2Q2
)2

 . (33)
The condition for exceeding the extremality of the final black hole becomes (by using Eq. (6))
E < Q¯(Q+ q, b2)− Q¯(Q, b2), (34)
where M = Q¯(Q, b2) for the initial extremal black hole configuration and Q¯(Q, b2) is given
by Eq. (31).
Both Eqs. (33) and (34) will be simultaneously satisfied when ∆ > 0 where
∆ = Q¯(Q+ q, b2)− Q¯(Q, b2)− q√
1− 1
4b2Q2
· 2F1

1
2
,
1
4
;
5
4
;− 1
b2Q2
(
1− 1
4b2Q2
)2

 . (35)
Assuming a small deviation from Maxwell’s theory or large black hole charge such that
b2Q2 ≫ 1, and small charge of the test particle such that Q≫ q, we get
∆ ≃ − q
2
40b2Q3
. (36)
We note that overcharging of the extremal black hole is not possible for any large b and
small q. To show this for any arbitrary b2 > 1
4Q2
and q < Q, we define the dimensionless
variable ξ(ν, η), (where ν = 1
bQ
and η = q
Q
), as
ξ =
∆
Q
=
(1 + η)
3


√
1− ν
2
4(1 + η)2
+
2√
1− ν2
4(1+η)2
2F1
(
1
2
,
1
4
;
5
4
;− ν
2(1 + η)2(
(1 + η)2 − ν2
4
)2
)
−1
3

√1− ν2
4
+
2√
1− ν2
4
2F1
(
1
2
,
1
4
;
5
4
;− ν
2(
1− ν2
4
)2
)
− η√
1− ν2
4
2F1
(
1
2
,
1
4
;
5
4
;− ν
2(
1− ν2
4
)2
)
. (37)
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FIG. 4. Surface plot of ξ(ν, η) for 4b2Q2 ≥ 1 and q ≤ Q. ν and η are dimensionless variables
defined as ν = 1bQ and η =
q
Q . ξ < 0 for all ν and η. Thus overcharging of an extremal black hole
is not possible for any b2 and q.
We plot (3D surface plot) ξ as a function of ν and η in Fig. 4. The values of ν and η are
in the ranges of −2 < ν < 2 and 0 < η < 1. We note that ξ is always negative (ξ < 0).
Thus there is no window for choosing the energy E of the charged test particle such that
the conditions given by Eqs. (33) and (34) will be simultaneously satisfied. Hence, the over-
charging of an extremal geonic black hole is never possible. This is basically an illustration
of the general result obtained in [58] for matter described by Born-Infeld Electrodynamics.
In the next subsection, we consider the case when the BI electrodynamics is coupled to
EiBI gravity. Thus both the matter and the gravitational sectors are modified in accordance
with the Born-Infeld prescription.
B. EiBI gravity
In EiBI gravity, the resulting black hole solutions are characterized by BI parameters,
both κ (for EiBI gravity) and b2 (for BI electrodynamics) in addition to the black hole charge
Q and mass M . For detailed description of the spacetime solutions and their properties see
Ref. [20]. Using these solutions, here, we show that overcharging of extremal black holes
is possible only for a certain choice of κ and b2, particularly for 4κb2 > 1. Interestingly
for the case of 4κb2 = 1, the conditions for choice of E become exactly same as in the
Reissner-Nordstro¨m black holes. Therefore it is the critical choice for κ and b2. We will
analyze different situation depending on the values of 4κb2.
15
1. 4κb2 = 1:
For 4κb2 = 1, the metric functions take simple forms which are given by [20] gtt = −h(r)
and grr = ψ˜
2(r)/h(r) where
ψ˜ =
[
2r2
r2 +
√
r4 + 4κQ2
]1/2
, (38)
h(r) =

1 + 4κQ2(
r2 +
√
r4 + 4κQ2
)2



1− 2√2M√
r2 +
√
r4 + 4κQ2
+
2Q2
r2 +
√
r4 + 4κQ2

 .(39)
The spacetime looks simpler when we use a radial coordinate transformation given by
r¯ =
r√
2
[
1 +
√
1 +
4κQ2
r4
]
. (40)
Then the spacetime becomes [20]
ds2 = U(r¯)

−(1− 2M
r¯
+
Q2
r¯2
)
dt2 +
dr¯2(
1− 2M
r¯
+ Q
2
r¯2
)

+ V (r¯)r¯2 (dθ2 + sin2 θdφ2) , (41)
where
V = 1− κQ
2
r¯4
, U = 1 +
κQ2
r¯4
. (42)
Note that r2 = V (r¯)r¯2. The spacetime (Eq. (41)) resembles the Reissner-Nordstro¨m space-
time apart from the conformal factors U and V . As κ → 0 (and consequently b2 → ∞
as 4κb2 = 1) the spacetime reduces to Reissner-Nordstro¨m spacetime. There is a point
singularity at r = 0, at the location of the charge Q and mass M .
From the equation of motion for the scalar potential At, or alternatively from the con-
servation of the stress-energy tensor given in Eq. (27) (i.e. ∇µT µν = 0), we get
dAt
dr¯
=
QU(r¯)√
V 2(r¯)r¯2 + 4κQ2
=
Q
r¯2
. (43)
Thus the scalar potential At becomes
At = −Q
r¯
= −
√
2Q
r
[
1 +
√
1 + 4κQ
2
r4
]1/2 . (44)
For the extremal black holes, the horizon radius re and the relation between Q and M are
obtained (using h(re) = h
′(re) = 0 and Eq. (40)) as
re = Q
√
1− κ
Q2
(45)
and M = Q. (46)
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Note that, for non-extremal black holes, the event horizon (r+) and the Cauchy horizon (r−)
are given by r± =
(
M ±
√
M2 −Q2
)√
1− κQ2(
M±
√
M2−Q2
)
4 .
Using Eqs. (38), (39), and (44) in Eq. (4), we get
r˙2 = ψ˜2

 1
m2

E −
√
2Qq
r
[
1 +
√
1 +
4κQ2
r4
]−1/2
2
− h(r)

 . (47)
To satisfy the condition r˙2 > 0 at the horizon radius, r = re (Eq. (45)),
E >
√
2Qq
re
[
1 +
√
1 +
4κQ2
r4e
]−1/2
= q. (48)
The condition for exceeding the extremality of the final black hole becomes (by using
Eq. (6))
E < Q + q −M = q, (49)
where we used Q = M for the initial extremal configuration. E > q and E < q can not
be satisfied simultaneously. We encountered exactly similar situation for extremal Reissner-
Nordstro¨m black holes. Thus the overcharging of extremal black holes are not possible for
any κ provided b2 = 1
4κ
.
2. 4κb2 > 1 :
For 4κb2 > 1, the resulting spacetime is given by [20] gtt = −Uα(r¯)hα(r¯) and grr =
Vα(r¯)
Uα(r¯)hα(r¯)
where
hα(r¯) = 1 +
αr¯2
6κ(α− 1)
[√
1− 4κQ
2(α− 1)
αr¯4
− 1
]
+
α1/4(4Q2)3/4
3κ1/4(α− 1)1/4r¯F
(
arcsin
(
(4κQ2(α− 1))1/4
α1/4r¯
)∣∣∣∣∣−1
)
− 2M
r¯
, (50)
Uα(r¯) =
2− α
2(1− α) −
α
2(1− α)
1√
1 + 4κQ
2(1−α)
αr¯4
, (51)
Vα(r¯) =
2− α
2(1− α) −
α
2(1− α)
√
1 +
4κQ2(1− α)
αr¯4
, (52)
and r¯ = r
[
1− α
2
+
α
2
√
1 +
4κQ2
αr4
]1/2
, (53)
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where, F (φ|m) = ∫ φ
0
[1 −m sin2 θ]−1/2dθ is the incomplete elliptic integral of the first kind
and α = 4κb2. There are point singularities (r0 = 0) for 1 < α ≤ 2 and surface singularities
at r0 =
[
(α−2)
2(α−1)
√
4κQ2(α−1)
α
]1/2
for α > 2.
From the equation of motion for the scalar potential At, we get
At(r) = −
∫ ∞
r
Q
x2
[(
1 +
Q2
b2x4
)(
1− α
2
+
α
2
√
1 +
Q2
b2x4
)]−1/2
dx. (54)
The last integration can be performed analytically after using the transformation z =√
1 + Q
2
b2x4
. We obtain
At(r) =
b2
2Q
(
Q
b
)3/2 ∫ 1
z
dz
(z + 1)3/4(z − 1)3/4√1 + α
2
(z − 1)
= −
√
2b2
Q
(
Q
b
)3/2
(z − 1)1/4
(2 + α(z − 1))1/4 2F1
(
1
4
,
3
4
;
5
4
;
(α− 1)(z − 1)
2 + α(z − 1)
)
= −
√
2Q
r


(
1 +
√
1 +
Q2
b2r4
)2
+ (α− 1) Q
2
b2r4


−1/4
×2F1

14 , 34; 54; (α− 1)
Q2
b2r4(
1 +
√
1 + Q
2
b2r4
)2
+ (α− 1) Q2
b2r4

 (55)
For extremal black holes, we obtain the horizon radius re, the corresponding value of r¯e,
and the relation between Q and M
re = Q
√
1− 1
4b2Q2
, r¯e = Q
√
1 +
α− 1
4b2Q2
, (56)
M =
r¯e
2
[
1 +
2b2r¯2e
3(α− 1)
(√
1− Q
2(α− 1)
b2r¯4e
− 1
)
+
4
√
bQ3/2
3(α− 1)1/4r¯eF
(
arcsin
((
Q2(α− 1)
b2r¯4e
)1/4)∣∣∣∣∣−1
)]
= Q¯(Q, b2, α). (57)
To satisfy the condition r˙2 > 0 at the horizon radius, r = re (Eq. (56)),
E > q|At(re)|, (58)
where At(re) is to be evaluated using Eq. (55).
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For exceeding the extremality of the final black hole becomes (by using Eq. (6))
E < Q¯(Q + q, b2, α)− Q¯(Q, b2, α), (59)
whereM = Q¯(Q, b2, α) for initial extremal configuration and Q¯(Q, b2, α) is given by Eq. (57).
Both Eqs. (58) and (59) will be simultaneously satisfied when ∆ > 0 where
∆ = Q¯(Q + q, b2, α)− Q¯(Q, b2, α)− q|At(re)|. (60)
For small deviation from Maxwell’s theory or large black hole charge such that b2Q2 ≫ 1
we get
At(re) ≃ 1− α− 1
40b2Q2
, (61)
Q¯(Q, b2, α) ≃ Q+ α− 1
40b2Q
, (62)
where we carefully expanded all the terms in Eqs. (54), (56), and (57) up to the order
O
(
1
b3Q3
)
.
Using the above approximate results in Eq. (60) and assuming small test charge q << Q,
we obtain
∆ ≃ (α− 1)q
2
40b2Q3
> 0. (63)
Since α = 4κb2 > 1, ∆ > 0 and there is a window for choosing E suitably for any small
deviation from Maxwell’s electromagnetic field theory.
To show the validity of the above result for any b2Q2 > 1/4, we define a dimensionless
function ξ(η, α; ν) = ∆/Q where η = q/Q and ν = 1/bQ. In the Fig. 5, we plot (3D surface)
ξ for two choices of ν and we note that ξ > 0 for 4κb2 > 1 given any value of q < Q.
Therefore both analytical and numerical analysis confirm that overcharging of an extremal
black hole is possible when only 4κb2 > 1.
VI. CONCLUSIONS
We summarize our results point wise below:
• We have seen that overcharging of an extremal black hole is possible in EiBI gravity
sourced by a Maxwell’s electric field with black hole charge Q and massM . The theory
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(a)ν = 1.0 (b)ν = 0.1
FIG. 5. Surface plot of ξ(η, α; ν) for q ≤ Q and 1 < α ≤ 2 for the given values of b (4b2Q2 > 1).
α, η, and ν are dimensionless variables defined as α = 4κb2, η = qQ , and ν =
1
bQ . In (a) ν = 1.0
and in (b) ν = 0.1. ν ξ > 0 for all α > 1. Thus overcharging an extremal black hole is possible for
4κb2 > 1.
parameter of EiBI gravity κ appears in the inequalities for E for a given q, where E
and q are energy and charge of the test particle of mass m, thrown radially to destroy
the black hole. In fact, κ generates an window for a viable choice of E satisfying
the condition of overcharging. This is a significant departure from the case of general
relativity.
• Next, we investigate what would happen when we consider BI electric field instead of
Maxwell’s electric field. We use results of the spherically symmetric static solutions
in EiBI gravity coupled BI electrodynamics [20]. The solutions are characterized by
two parameters– κ for EiBI gravity and b2 for BI electrodynamics– apart from charge
Q and mass M . κ → 0 gives the GR limit for gravitational sector and b2 → ∞ gives
Maxwell’s limit of BI electrodynamics theory.
(i) We took the solution for the critical case 4κb2 = 1, as this gives the simplest form of
metric functions [20]. For this, we interestingly found that the criteria for overcharging
an extremal black hole is exactly same as we see in the case of Reissner-Nordstrom
solution, i.e. E > q and E < q . Thus overcharging is not possible as long as 4κb2 = 1.
(ii) We also looked at geonic black hole solution. This is an old known solution in GR
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with Born-Infeld electric field instead of Maxwell’s electric field as the matter. This
is also a limiting case of the solution for EiBI gravity coupled to BI electrodynamics
with κ → 0. Here also, we found that overcharging is not possible. This is also an
interesting result as “GR coupled with BI electrodynamics” leads to that “overcharging
is not possible”; but “EiBI gravity coupled with Maxwell’s electrodynamics” leads to
that “overcharging is possible”.
• Extending our analysis further, we showed that in general overcharging of an extremal
black hole is possible only for the case 4κb2 > 1. All of the above results are included
in this inequality.
There are several observational and theoretical justification to look for physics beyond
general relativity. EiBI gravity is a viable candidate for such a modified theory of gravity.
But, a modified theory of gravity is also expected to be as well behaved as Einstein’s theory of
general relativity. Analyzing the applicability of the Cosmic Censorship conjecture in terms
of overcharging an extremal black hole solution is therefore a good consistency check for an
alternative theory of gravity. In this work, we show that for the parameter range 4κb2 > 1,
such a overcharging is possible with test particle. This is completely different from the case
of general relativity. As a result, it seems that the validity of the Cosmic Censorship limits
the choice of BI parameters to 4κb2 ≤ 1. Similar bounds of the parameters of a modified
gravity theory like Einstein Gauss Bonnet gravity has been found using the validity of the
classical second law for black holes [70]. Therefore, it may be interesting to understand
further consequences of the bound 4κb2 ≤ 1 for black hole mechanics in EiBI gravity.
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